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"Proof of sinz < x — % + R € 0,7/ 2)"
Must be: ' '

x> 2
e Proof of sinxz <z — §+§’m € (0,7,2)
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Let z € (0,7,°2) .Since sinz < x and cosz < 1 — §x2 + ﬂx“ then
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So, we have
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sinz < z 8+384,:c€(,7r/) (6)

Suppose now that for some positive a < 30 = 5 and positive
1 1 '
< 5= 120 the inequality sinz < x — ax® + bz® holds for

every & € (0,7,2).
Then
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1 2
because for for any x € (0,7,72) holds inequalityﬁa +b <1 — 168> >0.

Thus, the non-strict inequality sina < x — ax® + bx® (which we know to be
true when a = 1/8 and b = 1/384) yields the strict inequality
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sinx < x (4+8)$ +(32+16+384>$ (7)
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If we write a = = — p,b = —— — ¢ and denote sinz —x + — —
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via 7 (z) then
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sinz <z —azx®+bxr® < sinz <z — é—p x° + m—q T’ =
3 5
Sinx—x—i—g— 13;20 < pa® —qz® <= r(z) < pr® — qz®, where p,q¢>0
and since
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we obtain (7) <= sinx<z<ﬁi)x3+<pq>:c5 =
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r(m)<4m 32+16 T

So, we have shown that the inequality 7 (z) < pz® — gz° and even
r(z) < px3 — gx® implies the inequality

p 3_(2 i) 5
r(x)<4x 32+16 z°.
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Due to inequality (6) with a = 3 and b = 381 the initial value
1 1 1 1 1 11
of pis 65— and the initial value of ¢ is 120~ 381 — 1920°
Let sequences (p,),,~; and (gn),~,; be as follows
Pn_ DPn, n 1 11

n = 7 4n = 55 T GN, = a5 = Taon®
Pn+1 1 nt1 32+16n p1 Y q1 1920
Thus, we can see that for any = € (0,7,72) holds inequality
r(z) < ppa® — gna® < ppa® (because q,z% > 0 for any n € N)
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Noting that p, = 51 1= 3. gmal n € N we obtain inequality
3

r(z) < ppa® n € N.
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Since 3 92n i1 can be arbitrary small with increasing n
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as well then, applying Proposition to f (z) = r (z) we obtain

inequality r (z) < 0,z € (0,7,2) which equivalent to inequality

then

can be arbitrary small with increasing n

. < _ - 3 - 5 .

sinx < x (13:1: + 120% ,x € (0,7,2) and, since

ine <z — -3+ —a° yiel

sinx <z 695 +120$ yields
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we finally get strict inequality sina < 2 — 6563 + m:cs )



